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Soliton tunneling with sub-barrier kinetic energies
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We investigatgtheoretically and numericallythe dynamics of a soliton moving in an asymmetrical poten-
tial well with a finite barrier. For large values of the width of the well, the width of the barrier, and/or the
height of the barrier, the soliton behaves classically. On the other hand, we obtain the conditions for the
existence of soliton tunneling with sub-barrier kinetic energies. We apply these results to the study of soliton
propagation in disordered systemiS1063-651X99)50707-1

PACS numbe(s): 42.65.Tg, 05.45.Yv, 52.35.Mw, 73.40.Gk

The escaping process of a particle from a potential wellx, [F(xq)=0] for which [dF(x)/dx]X:XO>O are stable

like that shown in Fig. Xbarrier crossing is a problem of  equilibrium positions. In the opposite case, they are unstable.

great importance in almost all areas of phydith For our theoretical calculations we will use the foFegx)
In the case of a classical particle, this escape should ocClfefined in the following way:

over the barrier with the help of external perturbati¢es.,

thermally activated barrier crossind]. On the other hand, a F(x)=Fy(x), for x<x*, 2
guantum particle can perform tunneling with certain prob- _ "
ability p<1. F(x)=c, for x>x*, (3

In the present Rapid Communication we address the quegihere
tion: what happens if, in the potential well, instead of a
pointlike particle we have aolitor? This is very relevant to
Skyrmion models for nucleon physics, the motion of fluxons
in long Josephson junctions with impurities, the dynamics of
domain walls in ferroelectric materials in the presence of
inhomogeneous electric fields, and many other physical sys-
tems where the solitons move in a potential created by inho-
mogeneities and external forcgs-9]. _ _is the point where=4(x) has a local minimunidF(x*)/dx

It is well known that a soliton can behave like a classical— o] andc=F,(x*).
particle in some physical systeri2,6]. However, recently The conditionF(— )| = 1A|A2— 1|<1/3J§ should hold

there has been great interest in nonclassical behaviors of thg, e stapility of the soliton as a whole. This force allows
soliton [7—14). In particular, we are interested in extremely

surprising phenomena that can occur when the soliton be- ;
haves as an extended obj¢8t10.

Among these phenomena is the soliton tunneling sug-
gested by Kibermann in a beautiful papgd5]. However, 0.00
this was a numerical work and the tunneling with sub-barrier L
kinetic energies was not observed in the specific situations ir 005
which the numerical experiments were performed. -

In the present Rapid Communication we sh@heoreti- § 0.0
cally and numerically that the tunneling with sub-barrier
kinetic energies is, indeed, possible. As an example we con
sider the perturbe@*-equation:

Fi(x)= %A(Az— 1)tanh(Bx)

sinh(Bx)

+EA(4BZ—A2)
2 cost(Bx)

xX* (x*>0)

mn

"o

1 3
b= b 56— %) =F(x). M

-10 0 10

The external forc& (x) is such that a pointlike soliton would *

feel an effective potential, such as that shown in Fig. 1. FIG. 1. PotentialV(x) for the soliton escaping problem. The
When the soliton is treated as a pointlike particle, theinset shows the forc€(x). Note that in all figures the quantities
zeroes of F(x) are equilibrium points[9]. The zeroes plotted are dimensionless.

1063-651X/99/6Q1)/37(4)/$15.00 PRE 60 R37 ©1999 The American Physical Society



RAPID COMMUNICATIONS

R38 J. A. GONZALEZ, A. BELLORIN, AND L. E. GUERRERO PRE 60

1 0.10 0.20

»
//
&
015 | 7
//
//
//
»
= 0.10 7
L‘n .
S — : L
7] .
e
L / . //
0.05 | e
\ s
-1 - : : . : : -0.10 e
20 -10 0 10 -0 0 10 20 -
X ‘/

FIG. 2. Numerical simulation of the soliton tunneling with sub- 0‘000'0 0:5 1:0 115 20
barrier kinetic energy. The pale curve is the potential and the bold F,,,SZ
curve is the soliton. The inflexion point is approximately the center
of mass.(a) t=0, V(t=0)=0; (b)—(f) show the dynamics in suc- FIG. 3. Conditions for the existence of soliton tunneling with
cessive time instants. sub-barrier kinetic energy. The curfg=F,,S/6 separates the up-

per zone, where the soliton tunneling is possible from the lower
us to solve the problem of soliton dynamics in a neighbor-zone, where the soliton tunneling is impossible. The filled circles
hood of the equilibrium pointg8—10]. For instance, the sta- represent numerical experiments.
bility problem[ ¢(x,t) = ¢y (x) + f(x)e*] of the equilibrium
point x,=0 is reduced to the eigenvalue probldm=Tf, In this context, the worK14] addresses the differences

and similarities of soliton phenomena with those of point

where
particles. Although the studied phenomena are very different,
C 5 A2 3A? we can say that the main conclusion is consistent with our
=—0+| A" ———— i _ . ; }
xT| 5 2" 2 cosR(Bx) previous paperg8—10 and the present one; the soliton be

haves as a particle only when the width of the potential

2 . . makes the soliton appear pointlike. Otherwise, the soliton

andI'=—\“. The eigenvalues of the discrete spectrum ar&..n have wavelike extended character
: IRRERRAY: ) .

given Dby I'y=—3+B%(A+2An—n%) where A(A+1) The condition for soliton tunneling can be written in more

— 2 2

=3A%2B". ) 2 2 physical terms. In fact, the forde(x) can be defined by the
_Our analysis reveals that A">1 and B°<1, the force  ajyef — [lim F(x)|, the width of the barrieSand the

given by Egs.(2) and (3) possesses the desired properties, X— =

i.e., there is a zero that would correspond to a stable equilipocal maximumF., of the force between the points=—d
rium position in a poinx=—d (d>0) and a zero in the andx=0 (see inset in Fig. L In these terms, the approxi-
pointx=0 that would correspond to an unstable equilibriummate condition for the existence of soliton tunnelingFis
position and would serve as a potential barrier. €010 the > FmS?/6. This inequality shows that greater valuesFof

potential is a monotonically decreasing function. support the tunneling, while greater valuesFqf and S can
In fact, if 2B?(3A2—1)<1, then the soliton behaves clas- thwart the tunneling. . _ .
sically. In this case, the solitofeelsthe barrier in the point ~ We have performed numerical experiments with the force

x=0. If the soliton is situated in a vicinity of point=0  F(x) defined as in Eqs(2) and (3), and with many other
with zero initial velocity and with the center of mass in a functions that produce an effective potential, such as that
point x<0, it will not move to the right of poink=0. shown in Fig. 1. We have been able to control the values of

On the other hand, if B%(3A%—1)>1, the soliton will Fo, Fm, andS Figure 3 shows the numerical experiments.
move to the right, crossing the barrier even if its center ofThe dots on the curve separate two zones: the zone in which
mass is placed in the minimum of the potential and its initialthe soliton tunneling is possiblepper zongand the zone in
velocity is zero(see Fig. 2 In this case the soliton performs Which the soliton tunneling is impossib{wer zong. Note
tunne”ng with sub-barrier kinetic energy. that the relatlorF(): Fm82/6 IS appI‘OXImately satisfied. With

We should remark that this phenomenon is possible onlypther forces, the results are qualitatively equivalent.
when the distancel between the minimum of the potential ~ Sometimes it is convenient to see the condition for the
well and the maximum of the potential barrier holds the in-€xistence of soliton tunneling in terms of a parameter that

equalityd<2.17, where defines the potential. An important characteristic of the po-
tential is the height of the potential barriev,,. Figure 4
d=(1/B)arccoshy(A2— 4B2)/(A?—1)] shows the relationship betweéry and V., while the bifur-

cation condition B%(3A%2—1)=1 holds. For points above

the curve, the tunneling occurs. For points under the curve,
This can be interpreted in the sense that wWevelengthof  the soliton behaves classically. That is, as was expected, the
the soliton should be comparable with the width of the po-height of the potential barrier is an opposing factor with
tential well. respect to the tunneling.
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» ) ) ) ) FIG. 5. Disordered array of inhomogeneities. The soliton can
FIG. 4. Conditions for the existence of soliton tunneling with 1,4y through the whole array.

sub-barrier kinetic energy involving the parametérs and V.

The other parameters remain fixed. result shows that, when soliton tunneling is possible, the soli-

ton can be a very efficient carrier.
Note that the values of the potentidl(x) [or the force Kalbermann[15] investigated impurities that are intro-

F(x)] for x<—d can influence the tunneling. This is in con- quced in the Hamiltonian density in the following way:
trast with the behavior of a pointlike classical particle.
a¢)2+ 1(d¢

21

We should remark directly that, with this phenomenon, 1 5 )
=5\5t] 315 tgPe st 6

there is no violation of the energy conservation law. In fact, H= 5 X
the energy of the whole system
= [1/ap\2 1[dp\? 1 1 wherep=py+U(X); po iS a constantJ(x) is the perturba-
EEJ [_(_) + _(_ -~ *+ = ¢p*—F(x)p+c|dx  tion that describes the impurity. The perturbations used in
—=[ 21 ot 2\ 9x 4 8 the numerical experiments in R¢L5] are given by the func-

(4 tion
is conserved. In this case, the soliton does not behave like a U(x)= hy n h, ®)
classical pointlike particle. The soliton, as an extended ob- R X—X; R X—Xo\
ject, possesses a wave-mechanical behavior. Even when the cos . cos )

center of mass is situated at a point of minimal potential
energy and with zero kinetic energy, the system as a wholé&his perturbation is equivalent to an effective potential with
can have enough energy to make the soliton able to cross tlemaximum, a minimum, or a combination of both. Out of
barrier (although the center of mass goes through the barthe inhomogeneous zone, the potential tends to zero expo-
rier). Kalbermann's example of a high jumper is felicitous nentially. Suppose that the soliton moves from the left with a
[15]. However, we should note the presence of nonlocal efkinetic energy less than the maximum of the potential barrier
fects during this process. [15]. In this case the soliton tunneling does not exist. As we

The propagation of solitons in disordered media has beehave shown, for the soliton tunnelingmong other condi-
studied intensively in recent yeal$6]. There is consensus tions) it is necessary to have a soliton moving in a potential
in the conclusion that nonlinearity can modify the effects ofwell where V(x) takes valuesiout of the potential well
localization and the transmission is improved. Neverthelesggreater than that of the barrier. Nevertheless, with localized
even in a nonlinear system supporting solitons, if the latteimpurities such as the ones introduced in B, the soliton
behave as pointlike particles, they can be trapped in the zéunneling can also be observed. This is possible with a per-
roes of the forceF(x). We stress that the phenomenon of turbationU(x) with the features shown in Fig. 6. Even in
soliton tunneling can enhance the transmission even more.this case, if the soliton moves from the I¢ft zoneA) with

Consider Eq(1) with F(x) defined in such a way that it sub-barrier kinetic energy, then the soliton tunneling does
possesses many zeroes, maxima, and mir(isea Fig. 3. not occur. For the tunneling, the soliton should be placed in
This system describes an array of inhomogeneities. The arragoneB. Of course, the rest of the conditions should be sat-
can be studied as a series of elements with two zeroes andsfied.
maximum. If for each element the conditi®i> F,,S%/6 is The sine-Gordon soliton usually is thought to be a very
satisfied, then the soliton can cross the whole inhomogepointlike object. In fact, the unperturbed sine-Gordon equa-
neous zongwe have checked this numericallyThe array tion is integrable and its soliton solution does not have dis-
can be completely disordered. If the condition is fulfilled, crete, interna(shap¢ modes. Nevertheless, when the pertur-
there is no localization. bations are not given by Dirac&functions, the sine-Gordon

In many systemg16-2(Q the solitons play the role of soliton also is able to excite a great number of shape modes
means of transport; they can carry energy and/or charge. Oli21] and behaves as an extended object.
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FIG. 6. Combination of impurities for Ed5). The soliton tun-
neling with sub-barrier kinetic energy is possible from zdh¢o
zoneC.

Consider the perturbed sine-Gordon equation

b1~ Pxxtsing=F(x), (7)
where
-Fy for x<xq
F(x)={ ——— —FF* for —Xp=Xx=Xx 8
(x) cosi(bx)  ° ° o @
-Fy for x>Xg;

Xo andF§ are chosen such that the functiBix) is continu-
ous.
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Let us see only two examples; IEt=0.25 andb=0.55
(fixed). For a=0.45, the soliton remains trapped in the po-
tential well; it behaves classically. Far=0.35, the soliton
escapes from the potential well, crossing the barrier. We
should emphasize that in both cases the fd¥¢g) would
correspond to a system with a potential well and a barrier if
the soliton behaves classically.

We would like to remark that, in our study, the position-
ing of the soliton at a certain point is done considering the
equation of motion. The initial configuration is always a so-
lution of the equation of motiorflwe can use either the
static or the time dependent solution, depending on the
physical process that led to the given situatiofhat is, we
never use an initial configuration that the soliton cannot
reach by any means. For example, let us explain a physical
situation in which the soliton can be positioned inside the
potential well depicted in Fig. 1. Suppose a soliton is cap-
tured by a localized inhomogeneityhere are many such
situations discussed in the review pap@} and the experi-
mental papers quoted thergiThen, we apply an external
constant forcde.g., for the Josephson flux¢g] this is a dc
bias current In that case, the soliton can be placed in
an effective potential similar to that shown in Fig. 1. If
it had lost all of its kinetic energy22,6], then we could
use the static soliton as an initial condition. In fact, we
think that the conditions for soliton tunneling could
have been satisfied in the experimental situation described in
[22].

We conclude that the phenomenon of soliton tunneling is
robust and generic. We believe this phenomenon can be ob-
served also in other physical systems bearing solitons, topo-
logical defects, vortices, spiral waves, etc.
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